We derive two formulae relating the variation in closed orbit in a storage ring to variations in quadrupole strength, neglecting nonlinear and dispersive effects. These formulae correct results previously reported [1, 2, 3] . We compare the results of the formulae applied to the ATF with simulations using MAD, and consider their application to beam-based alignment.
Introduction
Beam-based alignment techniques in storage rings commonly use the closed orbit change with respect to variation of quadrupole strength to determine the beam position with respect to the center of the quadrupole. In many cases, one simply steers the beam until there is no response to the change in quadrupole strength, in which case the beam must be passing through the magnetic center of the quadrupole. Such "nulling" techniques have been applied, for example, at the ALS [1] and the ATF [4] . Typically, one determines the reading on a BPM adjacent to the quadrupole at the point where the beam passes through the center of the quadrupole, then uses the set of BPM readings for all quadrupoles to define a "golden orbit", ideally passing through the center of every quadrupole. (We note that often, and certainly at the ATF, a significant source of the apparent quadrupole to BPM offset arises in the BPM electronics, rather than in a physical relative displacement between the quadrupole and the BPM.) In some cases, the nearest BPM may be some distance from the quadrupole. In such situations, it is useful to know the beam offset with respect to the center of the quadrupole for a given orbit: the ability to determine the offset suggests a variation on the above procedure for defining the golden orbit, which we discuss below.
In practice, there may be insufficient steering magnets to control the beam so that it passes through the center of every quadrupole. At the ATF, for example, there are three quadrupoles (including the gradient bending magnet) per arc cell, but only two BPMs and one horizontal corrector magnet and one vertical corrector magnet per arc cell. Even if it is not possible to steer a completely flat orbit, it may be useful to include known quadrupole offsets in a lattice modeling code, to give a more reliable prediction of the performance of the machine. It may also be possible to identify quadrupoles with particularly large offsets, so that they may be mechanically realigned.
To determine the beam offset with respect to the center of the quadrupole, without having a BPM placed conveniently adjacent to the quadrupole, we can again look at the closed orbit variation with respect to changes in the quadrupole strength. But instead of steering the beam until there is no response to the change in strength, we need to know how the orbit changes with respect to the quadrupole strength for a given initial offset of the beam with respect to the quadrupole center. This is a less straightforward problem than might at first appear: we believe that the formula reported in references [1] and [2] , and reproduced in [3] , is not correct.
Here, we aim to derive in as clear a manner as possible, two formulae relating the change in closed orbit in a storage ring to the change in strength of a quadrupole. We shall see that the different formulae have different advantages. To test our results, we compare with simulations in MAD.
Deriving the Formulae

Matrix Method
Consider a quadrupole of integrated strength K in a storage ring. Our convention shall be that a positive value of K means that the quadrupole is horizontally focusing. We shall consider only the horizontal plane, and neglect the effects of dispersion. Let M be the single-turn linear map at the exit of the quadrupole. The map from the exit of the quadrupole around the ring, to the entrance of the same quadrupole is then:
where M K is the map through the quadrupole. For a thin quadrupole:
be the phase space co-ordinates of a particle on the closed orbit at the entrance to the quadrupole; p is effectively the angle of the orbit ) co co p x , x′ with respect to the design orbit. Now we suppose that the closed orbit passes through the quadrupole a distance x bq from the quadrupole center: i.e. x bq is the position of the beam with respect to the quadrupole. The effect on our chosen particle of passing through the quadrupole is the transformation:
Now applying the map from the exit of the quadrupole around the ring and back to the entrance of the quadrupole must by definition put us back where we started:
Therefore:
Now, we note that M is independent of the quadrupole strength. This means we can write equation (1) for a new quadrupole strength K (1) :
where:
Using these definitions, and subtracting equation (1) from equation (2) gives:
where
Now the single-turn map can be written:
and equation (3) is then solved to give: (5) give the change in the closed orbit at the entrance to the thin quadrupole, while the Twiss parameters refer to the exit of the quadrupole. Using the map through the quadrupole, it is easy to write down the change in the closed orbit at the exit of the quadrupole:
Equations (6) are the expressions we were seeking, relating the change in the closed orbit at a quadrupole with respect to the change in strength of the quadrupole. They are in a convenient form, in that all quantities are specified at the original strength of the quadrupole. Although they give the change in closed orbit only at one point in the ring (i.e. at the quadrupole) changes in the orbit at other locations may be found simply by applying the transfer map from the exit of the quadrupole to the desired location: this map is of course independent of the quadrupole strength.
Quadrupole-Shift Method
An alternative approach to the problem leads to an expression for the change in orbit resulting from a change in quadrupole strength that looks rather different from equation (6). We shall see in the following section that the two expressions give identical results.
Consider, as before, a quadrupole of integrated strength K with the closed orbit passing a distance x bq from the center of the quadrupole. Moving the quadrupole a distance ∆x q is physically the same as superposing a dipole field giving a kick to the beam of angle
The closed orbit response at a location s to a kick of angle θ at location s 0 is given in terms of components of the closed orbit response matrix C: The change in the closed orbit is: Having moved the quadrupole this exact distance, we can now change its strength with impunity: there is no effect on the closed orbit, since the closed orbit goes exactly through the center of the quadrupole. But now we move the quadrupole back to where it started. The closed orbit does not go back to where it started, since the quadrupole strength is now different. Suppose the new quadrupole strength is K (1) . The change in closed orbit resulting only from the second move of the quad (back to its original position) is:
Note that the closed orbit response matrix C has changed as a result of the change in the quadrupole strength, and is now denoted C (1) . The total change in the closed orbit is given by the sum of equations (7) and (8): Equations (9) are the expressions we were seeking. Explicit expressions for the components of the C matrix are standard: (6) and (10) Equations (6) and equations (10) look very different, but with some algebra, we can show they are the same. We shall give the proof only for the first in each set, for the change in coordinate rather than the change in momentum. Begin by considering the effect of a focusing error ∆K, which has the transfer matrix:
Equivalence of Equations
Multiplying this by the single-turn matrix in the form (4) gives the single-turn matrix in the presence of the focusing error, and from this new matrix we find the following expressions for the new beta function and tune: . After a few lines of algebra, the first of equations follows. We note that in applying equations it is important to include the effects of the (5) change in quadrupole strength on the beta function and tune; only then will the correct results, equivalent to equations (5), be obtained.
Comparison with Simulations
It is straightforward to use MAD to model the change in closed orbit resulting from a change in quadrupole strength. Here, we present the results of a simulation using a version of the ATF lattice. We turn off the sextupoles, so that there are no variations in focusing with orbit. We also turn off the RF, so that there are no dispersive effects resulting from a change in path length with distortion of the orbit. In the above analysis we neglected both sextupole and RF effects; for small orbit distortions, these effects should be small, but careful studies should be carried out before applying the results of our analysis in practice. To improve further the correspondence between the simulation and the models we have considered in the above analysis, we use thin quadrupoles.
To further enlighten the reader, we now work in the vertical plane. This means that the quadrupole strength we use in our analytical expressions has to be the negative of the quadrupole strength used in the lattice definition in MAD. This is because we have assumed that a positive K means that the quadrupole is focusing in the plane under consideration; in MAD, a positive K means that the quadrupole is defocusing vertically.
Quadrupole QF2R.26
The QF2R quadrupoles in the ATF are the horizontally focusing quadrupoles in the arcs. (10) is the possibility for the denominator to be zero, depending on the quadrupole strength, beta function and tune. The condition for zero in the denominator is:
where K is the integrated quadrupole strength (positive for a horizontally focusing quadrupole), and the upper sign should be used for the horizontal plane, and the lower sign for the vertical. However, since the equations (10) are the same as equations (6), equations (10) must have a well-defined limit as
. It appears that equations might also behave badly for particular values of the change in quadrupole strength ∆K; however, we expect the lattice to become unstable, if the quadrupole strength is changed too much, in which case there is indeed no closed orbit. , which is far from -2. The quadrupole that comes closest to meeting the condition (11) in the vertical plane is QM14R.2 (a quadrupole in one of the straight sections), which has ( ) 84
We therefore repeat for QM14R.2, the above modeling and analysis that we carried out for QF2R.26. The results are given in Table 2 , and plotted (again compared with the analytical formulae) in Figure 3 and Figure 4 .
Not surprisingly, nothing remarkable happens. The quadrupole strength can be varied over a rather narrower range than in the case of QF2R.1. The results of the modeling and the analytical calculations are again in almost exact agreement. 
Closed Orbit Response to Change in Skew Quadrupole Strengths
The beam offset in the sextupoles is significant for storage ring operation; the vertical offset, for example, affects the coupling, and is of great importance for damping ring performance. This motivates the need for a beam-based alignment technique that can be applied to the sextupole magnets. At the ATF, all the sextupoles have independently powered skew quadrupole trim windings. This raises the possibility of performing beam-based alignment of the sextupoles, by varying the superposed skew-quadrupole field and observing the change in the closed orbit. Of course, there are many practical considerations; for example, it is not necessarily the case that the magnetic centers of the sextupole and skew quadrupole fields are the same. We do not consider any practical issues here, but simply discuss how the closed orbit in a storage ring varies in response to changes in strength of a skew quadrupole.
We proceed using a method that is a generalization of the quadrupole-shift method, used in Section 2.2 above. This allows us to derive some possibly useful expressions without the need to consider the Twiss parameters, which ought to be dealt with in a manner consistent with fully coupled motion. For brevity, we consider only the change in the co-ordinates of the closed orbit, and not the momenta.
Consider a skew quadrupole with integrated strength K s . Shifting the quadrupole a distance ∆x q horizontally and ∆y q vertically is physically the same as superposing dipole fields to give horizontal and vertical kicks: As before, we write down the change in the closed orbit resulting from the above movement of the skew quadrupole with its nominal strength, followed by the change resulting from the reverse movement with some different strength . The net change in the closed orbit at any point in the lattice is: 
This is our final result. Notice the similarity in form between equation (12), and the first of equations (9).
Conclusions and Comments
We have found expressions for the response of the closed orbit in a storage ring to changes in strengths of quadrupoles. Using two different approaches, we found expressions that looked very different; it turns out, however, that the expressions are indeed equivalent. The choice of which expression to use may depend on whether one wishes to calculate the closed orbit response at the quadrupole whose strength is changing, or the closed orbit response at some other point in the lattice. Comparison of the results of calculations using the expressions that we derived with the results of simulations in MAD for two different quadrupoles in the ATF lattice showed almost exact agreement.
